[Sinha*, 4.(7): July, 2015] ISSN: 2277-9655
(I20R), Publication Impact Factor: 3.785

=+ 1JESRT

INTERNATIONAL JOURNAL OF ENGINEERING SCIENCES & RESEARCH
TECHNOLOGY

ON INTERVAL VALUED INTUITIONISTIC (a,p)-FUZZY HV-SUBMODULES
Arvind Kumar Sinha*, Manoj Kumar Dewangan
*Department of Mathematics NIT Raipur, Chhattisgarh, India.
Department of Mathematics NIT Raipur, Chhattisgarh, India.

ABSTRACT
Atanassov introduced the notion of intuitionistic fuzzy sets as a generalization of the notion of fuzzy sets. In this paper
we introduce the concept of an interval valued intuitionistic (a, B) -fuzzy Hy-submodule of an H,-module by using

the notion of “belongingness (e) ” and “quasi-coincidence (q) ” of fuzzy points with fuzzy sets, where ¢ < {e, q} ,
pe {e, q,evq, e /\q} and, then we give the basic properties of these notions.
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INTRODUCTION

The concept of hyperstructure was introduced in 1934 by Marty [4]. Hyperstructures have many applications to several
branches of pure and applied sciences. Vougiouklis [13] introduced the notion of Hy-structures, and Davvaz [1]
surveyed the theory of Hy-structures. After the introduction of fuzzy sets by Zadeh [8], there have been a number of
generalizations of this fundamental concept. The notion of intuitionistic fuzzy sets introduced by Atanassov [5] is one
among them. For more details on intuitionistic fuzzy sets, we refer the reader to [6, 7].

The idea of quasi-coincidence of a fuzzy point with a fuzzy set, which is mentioned in [10], played a vital role to
generate some different types of fuzzy subgroups. Bhakat and Das [11, 12] gave the concepts of (a, ,3) -fuzzy

subgroups by using the notion of “belongingness ( € )” and “quasi-coincidence (q)” between a fuzzy point and a fuzzy
subgroup, where a, B are any two of {€,0,€ V(q,€ Aq} with a # € AQ, and introduced the concept of an (€ ,€

V q)-fuzzy subgroup. In [15] Yuan, Li et al. redefined (a, ﬁ) -intuitionistic fuzzy subgroups. M. Asghari-Larimi [9]
gave intuitionistic (e, B) -fuzzy Hy-submodules. Basing on [9], in this paper, we introduce the concept of an interval

valued intuitionistic (a, ,3) -fuzzy Hy-submodule of an H,-module and describe the characteristic properties.

The paper is organized as follows: in section 2 some fundamental definitions on Hy-structures and fuzzy sets are
explored, in section 3 we introduce interval valued intuitionistic (a, ,3) -fuzzy Hy-submodules and establish some

useful results.

BASIC DEFINITIONS
We first give some basic definitions for proving the further results.

Definition 2.1 [3] Let X be a non-empty set. A mapping zz: X —[0,1] is called a fuzzy set in X .The
complement of £z, denoted by 4, is the fuzzy setin X given by (X) :1—,u(x) vx e X.
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Definition 2.2 [3] An intuitionistic fuzzy set A in a non-empty set X is an object having the form
A={(X, u,(X), 1,(X)) : X € X}, where the functions £z, : X —[0,1] and 4, : X —[0, 1] denote the degree

of membership and degree of non membership of each element X & X to the set A respectively and
0< p,(X)+A,(x) <1 for allxe X . We shall use the symbol A={u,, A,}for the intuitionistic fuzzy set

A={(x, 1,(x), 2,(x)) : X & X}

Definition 2.3 [3] Let A={u,,A,} and B={u, A;} be intuitionistic fuzzy sets in X. Then
(1) Ac B < 1, (X) < p5(x) and 4,(x) < A5(X)

(2) A° ={(x, 2,() 11,(x)): X & X},

(3) A B ={(x, min{u, (), 125 (X)}, max{1,(x), 45 (x)}) : x e X},

(4) AU B = {(x, max{uz, (x), 15 (0}, MIng2, (), 25 (0} x € X },

(5)DA={(%, ua(x), i (X)) x € X},

(6)

DA
6) 0OA={(x, 25(X), A4(x)) : x € X}.
Definition 2.4 [14] Let G be a non-empty setand *: G xG — " (G) be a hyperoperation, where " (G) is the

set of all the non-empty subsets of G. Where A*B= |J ax*b, VA BcG.

aeA, beB
The * is called weak commutative if Xy Ny *X =@, VX, yeG.

The * is called weak associative if (X*y) *z " x*(y*2) = ¢, VX, VY,2eG.
A hyperstructure (G, *) is called an H,—group if

(i) * is weak associative.
(i) axG=G=*a=G, VaeG (Reproduction axiom).

Definition 2.5 [14] An H,~ring is a system (R, +,-) with two hyperoperations satisfying the ring-like axioms:
(i) (R,+,-) isan H,-group, that is,

((x+y)+2)n(x+(y+2)=¢ VX, YyeR,

a+R=R+a=R VaeR;

(i) (R,-) isan Hy,-semigroup;

(i) (-) is weak distributive with respect to (+) , thatis, forall X,y,Z€ R,

(x-(y+2) N (Xx-y+x-2) =4,

((x+y)-2)n(x-z+y-2)#¢.

Definition 2.6 [2] Let R be an H,-ring. A nonempty subset | of R is called a left (resp., right) Hy-ideal if the
following axioms hold:

(i) (I,+) isan Hy-subgroup of (R,+),
(i) R-1 < I (resp,, | -Rc 1),

Definition 2.7 [2] Let (R, +,) be an H,—ring and x afuzzy subset of R . Then x is said to be a left (resp., right)
fuzzy H,-ideal of R if the following axioms hold:
@ min{u(X), (Y)}<inf{u(z): z e x+ y}vX,y €R,
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(2) Forall X,a € R there exists y € R suchthat X e a+ Y and min{u(a), 12(X)} < u(y),
(3) Forall X,a € R there exists Z € R suchthat X € z+a and min{u(a), u(x)} < w(2),

D u(y) <inf{e(z): z € x- y} respectively p(X) <inf{u(z):zex-y} VX,yeR.

Definition 2.8 [2] An intuitionistic fuzzy set A ={,uA, /IA} in R is called a left (resp., right) intuitionistic fuzzy Hy-
ideal of R if following axioms hold:

@ minge, (9, 1 (V< i1, (2): 2 € X+ y3ox, y € R
(20 For all x,aeR there exists Yy,zeR such that xe(a+y)n(z+a) and
min{z, (@), g2, (X)} < min{ue, (¥), 4, (2)},

) un(y) <inf{u, (z) 1 z € X- y} respectively u,(X) <inf{u,(2):zeXx-y} VX YyeR,

(4)SUp{A,(2) 2 € X+ Y} < max{A, (%), i, ()9, Y € R,
(55 For all x,aeR there exists Yy,zeR such that xe(a+y)n(z+a) and

max{4, (y), 4 (2)} < max{4,(a), 2, (x)},
(6)sup{1,(2):zex-y}< A, (y) respectively sup{1,(z):zex-y}<A,(X) VX yeR.

Definition 2.12 [17] A nonempty set M is called an Hy-module over an H, -ring R if (M, +) is a weak commutative
Hy -group and there exists a map

.:RxM—)go*(M),(r,x)—w.x Such that for all a,beR and X,yeM, we have
(a(x+y))n(ax+ay)=4,
((x+y)a)n(xa+ya)=g,

(a.(bx))"((ab).x) = g.

Note that by using fuzzy sets, we can consider the structure of Hy -module on any ordinary module which is a
generalization of a module.

Definition 2.13 [12] A fuzzy set x4 in M is called a fuzzy Hy-submodule of M if

@ min{e(X), (V)< inf{u(2) 1 ze x+ y}pvx,yeM,
(2) Forall X,a€ M there exists Y,Z € M such that X e(a+ y)m(z+a) and

mingu(a), (O} < nf {4a(y), (@)},
B u(y) <inf{u(z):zex-y}forall ye M and xeR.

Definition 2.14 [16] An intuitionistic fuzzy set A={y,, A,} in an H, -module M over an H, —ring R is said to be
an intuitionistic fuzzy H,-submodule of M if the following axioms hold:

@ min{ze, (X), (VI <inf{ee, (2) : 2 € X+ y} and max{A,(X), 1, (Y)}=sup{1,(z):z € x+ y} forall
X, yeM,

(2) For all Xx,a€eM there exists YyeM such that Xea+y and min{u,(a), u,(X)}< u,(y) and
max{A, (a), 4, (x)}= 4, (Y),
(3) For all X,a€M there exists ze M such that Xez+a and mMin{u,(a), ¢, (X)}< 1, (2) and
max{A,(a), 4, (X)}= 44(2),
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@D u () <inf{u,(z):zer-x} and A,(X) 2sup{A,(z):zer-x} forall Xxe M and r eR.

Definition 2.9 [12]Let 4 be a fuzzy subset of R . If there exista t € (0,1] and an X € R such that
t if y=x

”(y):{o if y#x

Then g is called a fuzzy point with support X and value t and is denoted by X, .

Definition 2.10 [12] Let 4 be a fuzzy subset of Rand X, be a fuzzy point. (1) If z(X)>t, then we say X,
belongs to 1z, and write X, € £z .

(2) 1f z1(X)+t>1, thenwe say X, is quasi-coincident with 4, and write X0z .

()X eVvQu < X € por xqu..

(DX, enqu <X € pand xqu.

In what follows, unless otherwise specified, & and £ will denote any one of €, Q, € v( or € AQ with & #€ A(
, which was introduced by Bhakat and Das [9].

By an interval number & we mean an interval [a‘, a+] where 0 <a” <a’ <1. The set of all interval numbers is
denoted by D[O,l] . We also identify the interval [a, a] by the number a € [0,1].
For the interval numbers & :[a;,aj] € D[O,l],i e |, we define

max{a b}:[max(ai’,bi ), max (a b*)]

min{é,, ~,}:[min(a{,bi ).min(a’ ’bf)]

mfa—[/\a /\a}supéli [vaI vlaJ

iel |

and put
(1)4, <&, <a, <a; and 8, <a,,
(24 =8, <a =a, and a8 =a;,
(3)4, <48, <& <&, and 4 #4,,
4) ka = [kaf, ka*], whenever 0<k <1.
It is clear that (D[O,l],ﬁ,v, /\) is a complete lattice with 0 = [0,0] as least element and 1= [1,1] as greatest
element.

By an interval valued fuzzy set F on X we mean the set F = {( [,uF Ny (X)]) X} Where £ and

Xe
Mg are fuzzy subsets of X such that 47 (X) < gt (X) for all x € X. Put fz. (X)= [
F={(x & (x)):xe X}, where . : X —D[0,1]
If A, B are two interval valued fuzzy subsets of X, then we define
Ac B ifandonly ifforall Xxe X, £, (X)< 5 (X) and 25 (X) < 145 (%),
A=B ifandonlyifforall X € X, s, (X) = #45 (X) and z; (X) = p5 ().
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Also, the union, intersection and complement are defined as follows: let A; B be two interval valued fuzzy subsets of
X, then

AUB :{(x,[max{y;(x),yg(x)},max{y;(x),y;(x)}]):XG X},
ANB :{(x,[min{,u;(x),yg(x)},min{y;(x),,ug(x)}J):XG X},
A= {(x,[{l—y;(x),l—y;(x)}]) X e X}.

According to Atanassov an interval valued intuitionistic fuzzy set on X is defined as an object of the form

A= {(X,[zA(X)JjA(X)) X e X}, where 7, (X) and A, (X) are interval valued fuzzy sets on X such that
0<sup fz, (X)+Sup A, (X) <1 forall x e X.

For the sake of simplicity, in the following such interval valued intuitionistic fuzzy sets will be denoted by

A=(fipAn).

Interval Valued Intuitionistic (e, B) -fuzzy Hv-submodules

In this section we give the definition of interval valued intuitionistic (a, ﬂ) -fuzzy Hv-submodule and prove some
related results.

Definition 3.1 An interval valued intuitionistic fuzzy set A={jz,,4,} in M is called an interval valued intuitionistic

a, ,8) -fuzzy H, -submodule of M if forall t,r € (0,1],
VX, yeM, Xafi,, Y, ofl, = 7, Bil, forall ZeXx+Y,
)Vx,aeM,  xaj,,a.oft, = (Y AZ),, P, forsome y,zeM with x e (a+Yy) N (z+a),
3)VX yeM, voau,=1zpu, forall zeXx-y,
4)VX,yeM, XA, Y0k, =1, P, foral Zex+y,

)Vx,aeM, XA, a8, = (Y AZ),. Bh, forsome y,ze M with X € (a+Yy) N (z+a),
6)Vx,yeM, V@i, =1z, BA, forall zeX-y.

(
(
(
(
(
(
(

Lemma 3.2 Let Az{/}A,ﬂ:A} be an interval valued intuitionistic fuzzy set in M. Then for all Xe M and
r € (0,1], we have

(1) 94, < % E ;.
(2) X € VO, = xeAd .

Proof. (1) Let X€ M and r € (0,1]. Then, we have
X0, < fi, (X)+t>1
o1, (x)<t
< fiy (x) <t
& X € fi,.
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(2) Let XM and r €(0,1]. Then, we have
X €V, < X, € il o Xq,
&y (X)=tor f1,(x)+t>1
< 1-j (X) =t or 1- fi (X)+t>1
< Xy or X € [,

S X E AQL,.

Theorem 3.3 If A:{/}A,ZA} is an interval valued intuitionistic (e, e) -fuzzy H, -submodule of M then

A={i,, iA} is an interval valued intuitionistic fuzzy H, -submodule of M.

Proof Condition (1). Let X,y € M and /1, (x)/\/}A(y) =t.Then X, Y, € i, . By condition (1) of definition

31, we have Z,ef, Viex+y, and so [tA(Z)Zt, VZeX+Yy. Consequently
ﬁA(X)/\ﬂA(y):tS /\ﬂA(Z) forall X,y € M.
zZex+y

Condition (2). Now let X,ae M and fz, (X) A fi,(2) =t. Then X, € /1. It follows from condition (2) of

definition 3.1 that (Y A Z), € f1,, forsome y,ze€ M with X e (a+y)n(z+a). Thus Y,,Z, € i1,, for some
y,zeM with Xxe(a+y)n(z+a). So, for all X,aeM, there exist y,zeM such that

xe(@+y)n(z+a) and f,(X)A iy (a) =t < f1, (Y) A i1, (2)-

Condition (3). Let X,ye M and ,[tA(y)zt. Thus Y, € i,. From condition (3) of definition 3.1, we have
Z, €1, forall ZeX-y,and so ,[tA(Z)Zt for all z € X- Y. This proves that ,&A(y)zt <A [JA(Z) for all
zex-y

X,y M.

Condition (4). Let X,y € M and A ( ) An (y):s. If s=1, then ZA(Z)Slzs forall Ze€ X+Y. Itiseasy
to see that Vv /1A(Z)S/LA(X) ( ) for all X,yeM. If s<1 there exists a te(0,1] such that

zex-y

y) A(X )vﬂ,~ (y)=s<t. Then XY, € A,. By condition (4) of definition 3.1, we have Z, € 4,, VZeX+y

and so }: )<t. Consequently v ZA(Z)S/{A(X)VJIA(y) forall X,y e M.
zZex-y

Condition (5). Now let X,a€ M and /TA(X)VZA(a):S. If s<1, there exists a te(0,1] such that
/TA(X)V/IA(a):S<t. Then X,,8, € A,. By condition (5) of definition 3.1, we have (Y A Z), € A, for some
y,zeM with xe(a+Yy)n(z+a). Hence /iA(y)<t and ):A(Z)<t. Thus j:A(y)\/j:A(Z)<t. This
implies that for all X,aeM, there exist Yy,zeM such that xe(a+y)n(z+a) and
/iA(y) < ZA(X)VZA(a). If S=1 the proof is obvious.
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Condition (6). Let X,y € M and ZA(y) =S. If s<1, there exists a t € (0, 1] such that /iA (y) =Ss<t. Thus
yté /’IA. From condition (6) of definition 3.1, we have Z, e_/{A forall Z e X-y,andso /iA (Z) <t forall zeXx-y.

Then A, (z) <4, (y). Thisprovesthat v A,(z)<,(Y), forall X,y € R. If $=1 the proof is obvious.
zex-y

Theorem 3.4 If Az{,&A,/iA} is an intuitionistic (e, evq) and (e, € /\q)-fuzzy H, -submodule of M then

A={i1,, A, } is an intuitionistic fuzzy H, -submodule of M.
Proof The proof is similar to the proof of Theorem 3.3.

Theorem 3.5 If JA= {ﬁA, [12} is an interval valued intuitionistic (a, ,B) -fuzzy H, -submodule of M if and only
if A= {,[zA, [JZ} is an interval valued intuitionistic (a', ,B')-fuzzy H, -submodule of M, where « € {e, q}
andﬂe{e, g, €Vvq, EAq} :

Proof We only prove the case of (a, ﬂ) :(e, e\/q). The others are analogous. Let [1A= {[zA, [1‘;} be an

intuitionistic (e, IS \/q) -fuzzy H, -submodule of M.

Condition (1). Let X,y€M and t,r €(0,1] be such that X,Y,0z,. It follows from Lemma 3.2 that
X, Y, € fly. Since fi, isan anti (e, € vq)-fuzzy H, -submodule of M. Thus by condition (4) of definition 3.1,

we have Z, € VvQil, forall Z e X+ Y. By Lemma 3.2, this is equivalence with Z,,, € AQZ, forall Z e X+Y.
Thus condition of (1) of definition 3.1 is valid.

Condition (2). Suppose that X,ae M and t,r €(0,1] be such that x[,a,q[zA. By Lemma 3.2, we have
X, 8,04, iff X,a, € fi;. By hypotheses, [y is an anti (€ €v(q)-fuzzy H,-submodule of M. Thus by

condition (5) of definition 3.1, we have (Y A Z),,, € VQiL,, for some y,zeM with x e (a+y) N (z+a).

This is equivalence with Y, € V0, and Z, € VvQil,, for some y,zeM with xe(a+y)n(z+a). By
Lemma3.2, itiseasytoseethat Y,,, € AQfL, and Z,,, € AQfL,, forsome Y,z € M with X e (a+y)N(z+a)

if and only if (YAZ),., €AQi,, for some y,ze M with X e (a+y)n(z+a). Thus condition of (2) of
definition 3.1 is valid.

Condition (3). Let X,y € M and t € (0,1] be such that y,q/z,. It follows from Lemma 3.2 that Y, € jZ,. Since
A= {,&A, ﬁ‘;\} is an intuitionistic (e, € vq)-fuzzy H, -submodule of M. Thus by condition (6) of definition

3.1, we have z,evQg, forall zeX-y. Itis equivalence with z, € AQjz, for all Z € X-Yy. Which verify
conditions (3) of definition 3.1.

Condition (4). Let X,y € M and t,r € (0,1] be such that X,, Y, fZ,. It follows from Lemma 3.2 that X,, Y, i,
iff X, Y, €4,. Since DA={,[1A, [12} is an intuitionistic (e, evq)—fuzzy H, -submodule of M. Thus by
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condition (1) of definition 3.1, we have z, , € vQj, forall Z € X+ Y. By Lemma 3.2, this is equivalence with

Z,.,€ AQfi, forall Z e X+ Y. Thus condition of (4) of definition 3.1 is valid.

Condition (5). Suppose that X,a€ M and t,r €(0,1] be such that X,,& /i, This is equivalence with
X,,a, € f1,. By hypotheses, /1, isan (e, S vq)—fuzzy H, -submodule of M. Thus by condition (2) of definition
3.1, we have (YAZ),,, €VQil,, for some y,ze M withxe(a+y)n(z+a), and so Y,,, € VvQii,,and
Z,., €VOi,, forsome y,ze M withx e (a+Yy) N (z+a). It follows from Lemma 3.2 that ywﬁ,&; and

Z,.,€ AQt, for some y,ze M with Xe(a+y)n(z+a) if and only if (YAZ),,, €AQi,, for some
y,ze M withx € (@+Yy) N (z+a). Thus condition of (5) of definition 3.2 is valid.

Condition (6). Let X,y € M and t € (0, 1] be suchthat Y,0fi,. Then, we have Y, € jz,. Since JA = {,[tA, [12}
is an interval valued intuitionistic (e, S vq)—fuzzy H, -submodule of M. Thus by condition (3) of definition 3.1,
we have Z, € vQzi, forall Z e X-Y. Itisequivalence with Zte_/\q,[ti for all Z € X-y . Which verify conditions
(6) of definition 3.1.

Theorem 3.6 If OA = { ﬂ:,i, /TA} is an interval valued intuitionistic (a, ,B) -fuzzy H, -submodule of M if and only
if <>A={ AL ZA} is an interval valued intuitionistic (&', ')-fuzzy H, -submodule of M, where « € {€, q}
andﬂe{e, g, € Vvq, e/\q} :

Proof The proof is similar to the proof of Theorem 3.5.

Theorem 3.7 If A= {[zA, /{A} is an interval valued intuitionistic (a, ,B) -fuzzy H, -submodule of M if and only
if i, isan (a, ﬂ)-fuzzy H, -submodule of M and ﬂjf\ is an (a', ﬂ')-fuzzy H, -submodule of M, where
ae{e, q} andﬂe{e, g, e Vvq, EAq}.

Proof We only prove the case of (a, ﬂ) = (e, S vq) . The others are analogous. It is sufficient to show that, /{f\

is an (q, S| )—fuzzy H, -submodule of M if and only if /{A is an anti (e, € vq)—fuzzy H,, -submodule of M.
This is true, because XA, <> X € AL and X, € AQA, < X vq AL, VxeM and t (0,1].
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